Estimates of particle size distributions (PSDs) in solid-in-liquid suspensions can be obtained from measurements of ultrasonic wave attenuation. The technique is based on adaptively fitting theoretical wave propagation models to the measured data across a frequency range. These models break down at high solid concentrations and it is believed that this failure is due to the effective viscosity of the mixture in the vicinity of the particles being different from that of the continuous phase. This paper discusses PSD estimation when a number of different viscosity formulations are incorporated into the wave propagation model. The viscosity model due to Happel provides the best estimate of PSD in suspensions of medium concentration.
I. INTRODUCTION
Colloidal materials consist of small particles dispersed in a surrounding liquid with particle sizes in the range 10 nm to 100 lm.
1 A monodisperse mixture contains particles of a single size, and a polydisperse mixture contains a range of particle sizes which is characterized by a particle size distribution (PSD). If the particles are solid the mixture is known as a suspension or slurry, and if they are in the form of liquid droplets the mixture is known as an emulsion. Many commercial materials either exist in colloidal form or pass through a colloidal stage during their manufacture. The PSD is an important measure of product quality because it determines the stability and shelf life, as well as the ultimate functionality of the material. There are frequent requirements to measure PSD for the purposes of process control, quality assurance testing, or basic laboratory investigation. Ultrasonic measurements of attenuation or phase velocity as functions of frequency can be used to estimate PSD and the method is the subject of a number of international standards, such as Ref. 2 . They have the advantage over optical techniques that they can be applied to mixtures that are optically opaque. 3 The technique has been used by, for example, Davis 4 to measure mass flow and particle size in coal slurries; McClements and Povey 5 to examine aqueous sunflower oil emulsions in the context of the food industry, and Holmes et al. 6 to study aqueous suspensions of polystyrene and silica. It is generally recognized that ultrasonic wave attenuation is more sensitive than phase velocity to dispersed particle size, 5 and so attenuation is the preferred variable for particle sizing. 7 In the ultrasonic method, the attenuation coefficient is measured as a function of frequency, typically between 1 MHz and a few tens of MHz. A mathematical model is run to simulate the measured attenuation function, see Ref. 8 ; it has as its inputs the physical properties of the continuous and disperse phases in the mixture and a candidate PSD function. The model is adapted by changing the parameters of the candidate PSD systematically until the best match is obtained between the measured and simulated attenuation functions of frequency. The match is obtained in a leastsquared-error sense, typically using the Marquardt algorithm. 9, 10 At this point the adapted candidate PSD is taken to represent the real PSD in the test mixture. The candidate PSD functions are in model form and are typically represented by two parameters-a central size value such as the median, and a width parameter such as standard deviation.
The ultrasonic method breaks down when the concentration of particles is greater than some limit, which can be as low as a few percent by volume. The problem is particularly critical in the case of slurries but less so for emulsions. The first aim of this paper is to investigate the impact of local viscosity in the vicinity of suspended particles on the PSD estimation in high solid concentrations. The second aim is to find the viscosity model that gives the best PSD estimation when using it in the wave propagation model instead of water viscosity. Different viscosity models will be discussed and compared to the measured data. Experimental results for monodisperse and polydisperse slurries will be presented that illustrate these effects and point to the viscosity model that gives the best match to the measured data.
II. VISCOSITY MODELS
In a concentrated slurry the particles are in close proximity-the forces acting on them and their subsequent motions will be affected by surrounding particles, both in flow and in response to an exciting acoustic wave. In the context of the latter, evanescent viscosity waves are thought to be generated at the particle surface by mode conversion from an incident compression wave, and these represent energy loss from viscous drag as the particles oscillate to and fro in the acoustic field. In a dilute mixture the viscosity waves merely propagate away from the particle and attenuate rapidly. In a concentrated mixture the viscosity waves from neighboring particles interfere, and this results in changed conditions for the wave-driven oscillation of any given particle. These phenomena have been reviewed in Ref.
1 and later in Ref. 11 . The purpose of the current discussion is to extend these earlier works to the problem of PSD estimation in slurries. It is proposed that an effective viscosity model might be found which (1) when incorporated into the wave propagation model gives a reasonable simulation of ultrasonic wave attenuation as a function of frequency and particle concentration, and (2) would provide a practical basis for PSD estimation in slurries. As in earlier work, we invoke an effective viscosity g eff which can be defined as:
where g is the water viscosity and Q is a hydrodynamic correction factor which can be defined as the ratio of the shear force acting on a particle when in a particulate continuum to the force affecting it when it is separated in an infinite continuum of suspending fluid. 1 Q modifies the viscosity in the region of a given particle by including the effects on local viscosity of the surrounding particles in the mixture and the particle shape, which is assumed to be spherical in most analyses.
Viscosity models can be classified as "internal" and "external" flow models. 13 Internal flow models regard the disperse phase as tubular pores in rigid frames surrounded by the continuous phase. The condition to approximate the suspension as a porous medium is that the length scale of the velocity variations in the fluid must be small in relation to the simple Darcy permeability for the suspension. To satisfy this condition, the shear wavelength in the fluid d s is limited by
where R is the pore radius and / is the volume fraction occupied by the particles. This corresponds to a limit for volume fraction given by
On the other hand, external flow models consider the fluid moving around suspended particles rather than in hypothetical pores. 13 We have reviewed both classes of model in Refs. 1 and 11, and so only brief summaries will be given in this paper.
A. Internal flow models
Biot produced a series of papers [14] [15] [16] [17] concerning wave propagation in a porous medium, see also Ref. 1. He derived an effective value of Q as
where N is the number of pores and B is the permeability which is given by the Kozeny-Carman equation as
where k 0 is a free parameter which is related to the tortuosity and the shapes of pores. Thus, Eq. (4) can be expressed as
Carman 18 and Hovem 19, 20 discussed the value of k 0 and its relationship to porosity [represented by the term ð1 À /Þ in Eq. (6)], shape, and size distribution of the pores. This value will be approximately 5 for spherical and uniform particles, and 10 for elongated particles with different sizes. k 0 would dramatically increase when the porosity exceeds 95%.
B. External flow models
The most basic effective viscosity formula is due to Einstein 21 and assumes no hydrodynamic interactions between particles; it is
where k is a particle shape factor which is 2.5 for rigid spherical particles. It will be clear later that this simple formulation is not adequate for concentrated suspensions. This was later extended by Vand [22] [23] [24] who allowed temporary agglomerations of particles into doublets, triplets, and so on, to obtain
Hasimoto 25 assumed a periodic array of particles in a flow field to obtain
The approximation of periodic packing has been further discussed by Zick and Homsy 26 and Gibson and Toksoz. 27 There are many other approaches that address the viscosity problem in particulate mixtures. A highly relevant group of formulations use the so-called "cell models," see Strout, 28 and Umnova et al. 13 In a cell model, each cell consists of a central particle core surrounded by a spherical cell of fluid which in turn is surrounded by the aqueous mixture of the suspended particles. The overall porosity of the mixture is represented by setting the radius of the surrounding liquid such that:
where r and a correspond to the radius of the particle and the radius of the fluid shell, respectively. The fluid boundary conditions at the particle surface and the cell surface are key to these models. At the particle surface the radial and tangential stresses are 1r , 1t and r 1r , r 1t and at the cell surface are 2r , 2t and r 2r , r 2t , with vanishing vorticity at the cell surface. Cell models differ from each other only in the way in which these two sets of boundary conditions are defined physically and treated mathematically. The different treatments have significant effects on the ultrasonic wavenumber.
Kuwabara 29 assumed a no-slip condition at the inner boundary whereas the outer boundary combined finite radial velocity ( 2r finite) with zero vorticity. His hydrodynamic correction factor was
Happel 30, 31 and Happel and Brenner 32 considered that the solid particle was coupled to the fluid by a no slip boundary, as before, while the outer boundary was described by vanishing radial stress, vanishing tangential stress, vanishing radial fluid velocity, and finite tangential velocity ( 2r ¼ 0, 2t finite,
In the models hitherto described Q is independent of frequency whereas in the following two approaches a frequency dependence arises through the shear wavelength in the continuous phase. Strout 28 modified the Happel model by allowing for oscillatory motion of the particle with respect to the cell, obtaining for Q
where
and
where d s is the shear wavelength as defined by Harker and Temple
In a dilute system Eq. (13b) simplifies significantly as C 1 becomes
Harker and Temple 33 derived a rigorous expression for Q that incorporated the added or induced mass due to the relative acceleration between the particle and the fluid, the Basset's history term arising from the diffusion of vorticity past the particle and the Stokes drag force. Some re-working of their results leads to the following expression for Q:
where s is defined in Eq. (13e). Harker and Temple 33 used the Vand model for viscosity in their calculation of viscous wavelength and subsequently Y. We now compare the impact of using the effective viscosity of the surrounding fluid on the acoustic attenuation and PSD estimation.
III. THE WAVE PROPAGATION MODEL
The calculation of attenuation and PSD is based on a wave propagation model, 34 and the one most commonly used is due to Epstein and Carhart 35 and Allegra and Hawley, 36 
Here b is the complex wavenumber in the mixture, k c is the compression wave number in the continuous phase, / j is the volume fraction of particles of radius r j , j identifies the size bin, and J is the total number of size bins. A 0j , A 1j , and A 2j are the partial wave amplitude coefficients which pertain to size bin j. On the basis that elemental sinusoids are denoted e þixt the complex wave number is
where x is angular frequency, c(x) is phase velocity, and a(x) is the amplitude attenuation coefficient.
As noted earlier, the viscous loss mechanism in the ECAH formulation is associated with evanescent viscosity waves which are generated by mode conversion at the suspended particle boundary. These emanate away from the particle and rapidly disappear in a dilute mixture. In a concentrated mixture the viscosity waves from adjacent particles overlap, and this phenomenon is not included in ECAH, with the result that ECAH tends to over predict attenuation in concentrated slurries. The shear wavelength is always greater than the thermal wavelength which implies that the condition for the close proximity for shear waves will arise at lower particle concentrations than for thermal waves. The shear wavelength in water at 10 MHz is 1060 nm and for a suspension of 400 nm diameter particles this wavelength corresponds to a limiting particle concentration of only 2.5% v/v. The ECAH model begins to fail when the volume fraction exceeds this concentration limit. Consequently, the ECAH model in its current form cannot be used in estimates of PSD for industrial slurries in which the particle concentration can reach up to, typically, 40% v/v. In Secs. IV and V we will investigate experimentally the potential for an effective viscosity to provide an adequate basis for PSD estimation in non-dilute mixtures.
IV. EXPERIMENTS
The test materials were a polydisperse magnesium hydroxide (Versamag) and a monodisperse aqueous suspension of 30 nm diameter silica spheres (Ludox). Three samples of Versamag with concentrations 2.9%, 4.76%, and 6.54% solid v/v, and 12 samples of Ludox with concentrations in the range 1% to 35% solid v/v were used in the attenuation measurements. The density of Versamag was 2370 kg/m 3 (Ref. 39 ) while the other physical properties were very close to those of silica. Table I gives the physical properties used in subsequent calculations. Experimental measurements were performed in pitchcatch mode. This approach is based on the transmission of short wide bandwidth ultrasonic compression wave pulses between two thickness mode piezoelectric transducers coaxially aligned in a pumped cell which maintains the particles in suspension. Two pairs of transducers with center frequencies 10 and 25 MHz were used to characterize the slurries. The acoustic path length between the transducers was fixed at 6 mm. Taking the data from the two transducer pairs in combination, the effective frequency bandwidth available for measurement extended from around 5 to 30 MHz. The two sets of data were combined into a single spectrum by fitting a third order polynomial across both sets. The slurry is constantly pumped from the bottom of the reservoir and through the flow cell to prevent the particles from settling at the bottom of the test cell away from the region of the ultrasonic field. Figure 1 shows a block diagram of the system used for attenuation measurement. 43 
V. APPLICATION OF EFFECTIVE VISCOSITY
In this section we compare the application of various effective viscosity models within ECAH, first in the simulation of ultrasonic attenuation as a function of frequency, and then the combination of ECAH with these viscosities as the basis for PSD estimation.
A. Attenuation
The values of the attenuation at 10 and 30 MHz from experimental data and calculated from ECAH combined with various viscosity models as functions of volume fraction are shown in Figs. 2 and 3 , respectively. It can be seen that at higher concentration, and smaller inter-particle distances, the ECAH model with water viscosity overestimates the attenuation, probably due to overlap of the shear fields of neighboring particles. When the alternative viscosity models are used in the ECAH model, the predicted attenuation becomes closer to the measured data, but all the models predict a different attenuation across the concentration range. It can be seen that only the Happel model matches the experimental data but up to approximately 20% v/v at 30 MHz. The Happel model will overestimate the attenuation when the volume fraction exceeds 20% v/v. The predictions of the Strout model match the Happel predicted data across the concentration range. This implies that there is no significant oscillatory motion of the particle in a cell when the size of the particles is small.
B. Particle size distribution
The viscosity models were used with the ECAH model to calculate the mean diameter for a 30 nm aqueous suspension of silica (Ludox) with concentrations in the range 1% and 25.95% v/v as shown in Tables II and III . Overall, the Happel model gives better predictions of the mean than the other models, except at the highest concentration. In order to assess the goodness of fit in the sizing process, a fitting error was calculated by Marquardt algorithm as shown in the fourth column of Tables II and III. The minimum fitting error occurred at the lowest concentration, as would be expected, but also when the viscosity of water was used in the modeling phase of the sizing process; here the predicted mean was lower than that calculated using the other viscosity functions. This implies that the error in the mean results from the formulation for viscosity. The PSD estimated by the ultrasonic method was compared to that obtained on the basis of laser light scattering using a Mastersizer instrument (Malvern Instruments Ltd., United Kingdom), Figs. 4 and 5. The Mastersizer results are less even functions than those obtained ultrasonically; this is because the ultrasonic technique assumes a lognormal form for the PSD and estimates its mean and standard deviation values, whereas the optical method is model-independent. Figure 4 gives the results when the viscosity of water is used in the ECAH fitting process, and here it is clear that, even at the lowest concentration the match to the Mastersizer technique is poor, and this worsens as concentration is increased. However, Fig. 5 shows that when the Happel viscosity model is used with ECAH in the fitting process the results show good agreement between the optical and ultrasonic techniques. To further illustrate the effects of viscosity models on particle size estimation, Table IV shows the median diameter and the standard deviation obtained. The values of the parameters in the Mastersizer results were median ¼ 1.8 lm, standard deviation (sd) ¼ 1.5. The Happel model results in the smallest fitting error in Table IV , and also the PSD properties closest to the Mastersizer results. In addition, the values of the median obtained ultrasonically vary considerably between the different viscosity models, although the standard deviations all remained close to the Mastersizer result.
It is interesting to observe the quality of fits between the measured and modeled attenuation functions; Fig. 6 compares the attenuation functions fitted on the basis of the viscosity of water, and those derived from the Happel viscosity model, with the measured attenuation. The fits with both viscosities are very close to each other, and reasonably close to the measured data. However, the PSD parameters required to obtain these fits are very different for the two viscosity functions-those for the Happel model better matching the true parameters of the suspension.
VI. DISCUSSION AND CONCLUDING REMARKS
The focus of this paper was the problem of particle sizing in solid-in-liquid suspensions whose concentration was above the dilute limit at which viscosity mediated interaction between particles would compromise the ECAH propagation model as a robust simulator of the ultrasonic attenuation spectrum. For both the magnesium oxide and silica suspensions used in this study this limit was found experimentally to be well below 5% v/v in the tens of MHz frequency range. The essential idea of the work was to take a pragmatic approach to the problem and to investigate the possibility of using existing formulations for an effective viscosity of the mixture, instead of the viscosity of pure continuous phase, as the viscosity input to the ECAH model. This approach has been shown to be successful in that the use of the Happel viscosity model in ECAH provided for successful particle sizing for both of the test materials. The model also provided a good match between measured and simulated ultrasonic attenuation in the case of silica suspensions at concentrations up to around 30% v/v at 10 MHz and 20% v/v at 30 MHz. Notwithstanding this success, it is to be noted that the Happel model, and others considered in this study, were developed in the context of flow and sedimentation phenomena; they were not aimed at very small scale viscosity phenomena in the vicinity of microscopic particles suspended in a liquid continuum. Thus our approach, although timely in a practical sense, will need further development to place it on a rigorous theoretical basis. In addition, the oscillating particle motions in response to the acoustic wave field are affected by the mass density of the particle as well as the effective viscosity in their local environment. In the current work we have not considered the use of an effective density of the medium surrounding the particles-generally taken as a volume average of the densities of the two phases. The possibility of both effective density and effective viscosity in combination would make a useful future study.
There are two further possibilities for continuing work in this area. Lupp e et al. 44 have published work which extends the scattering formulations for wave propagation such as ECAH. For solid-in-liquid suspensions they allow the evanescent viscosity waves from a given particle to rescatter and mode-convert back to compression waves when they impinge on neighboring particles. This approach better approximates to the physical phenomena which are believed to exist in the micro environment surrounding a suspended particle. It will require some engineering development before it can be applied to particle sizing in an ultrasonic instrument.
The second possibility is based on work by Hipp et al. 45, 46 who employed a core-shell scattering model, based on that of Anson and Chivers 47 as the kernel of a particle sizing algorithm. They demonstrated the success of this approach for suspensions that were well above the dilute limit at which ECAH would begin to fail. However, the core-shell scattering model is computationally complex and prone to ill-conditioning in the inversion of the central 12 Â 12 scattering matrix. In an engineering context, work would be required to stabilize and speed-up the computation before the approach could be used routinely in ultrasonic instruments. For both the Lupp e and Hipp approaches, there remains the interesting possibility that they might ultimately be matched to an as yet unknown effective viscosity function which could be incorporated into the standard ECAH model.
We conclude that the effective viscosity approach taken in this work will extend the concentration range for ultrasonic particle sizing in slurries in an engineering context-at least until new scientific developments may supersede it at some future date.
TABLE IV. Comparison of the estimated PSD parameters (median and sd) for a 6.54% v/v aqueous suspension Versamag based on using water viscosity, and the Vand, Hasimoto, and Happel viscosity models in the fitting process. The median corresponds to the particle diameter. The values obtained from the Mastersizer were median ¼ 1. 8 
